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Abstract. In this paper we establish the L p -boundedness properties of the variation oper- 
ators associated with the heat semigroup, Riesz transforms and commutator between Riesz 
transforms and multiplication by £?AfO(M")-functions in the Schrodinger setting. 

1. Introduction and main results 
We consider the time independent Schrodinger operator on R n , n > 3, defined by 

Jz? = -A + V, 

where the potential V is nonzero, nonnegative and belongs, for some q > n/2, to the reverse 
Holder class B q , that is, there exists C > such that 

for every ball B in R n . Since any nonnegative polynomial belongs to B q for every 1 < q < oo, 
the Hermite operator —A + \x\ 2 falls under our considerations. 

Harmonic analysis associated with the operator j£f has been studied by several authors in the 
last decade. Most of them had, as starting point, the paper of Shen [22]. This author investigated 
L p -boundedness properties of the Riesz transforms formally defined in the Jzf-setting by 

(1) i^v^- 1 / 2 , 

where as usual V denotes the gradient operator and the negative square root Jz? -1 / 2 of jSf is 
given by the functional calculus as follows 

(2) ^- 1 ' 2 f(x)= [ K(x,y)f(y)dy, 
being 

K(x,y) = -— I (-iT)- 1/2 T(x,y,T)d,T. 

^ JR 

Here, for every r g R, T(x, y,r), x,y G R™, represents the fundamental solution for the operator 

Bongioanni, Harboure and Salinas [3J studied the behavior in L p spaces of the commutator 
operator [R^ , b] defined by 

[R Sf ,b]f = bR*(J)-R st (bf), 

where b is in an appropriate class containing the space BMO of bounded mean oscillation 
functions. 

The heat semigroup {W^}t>o generated by the operator — Jzf can be written on I/ 2 (R") as 
the following integral operator 

Wf(J)(x)= [ Wf(x,y)f(y)dy, f e L 2 (R n ). 

The semigroup {W^}t>o is Co in L P (R"), 1 < p < oo, but it is not Markovian. The main 
properties of the kernel Wjr(x, y), x, y € R™, t > 0, can be encountered in 

Other operators associated with the Schrodinger operator Jz? have been studied on L P (R") 
and on other kind of function spaces also in [T], [2], [TT], [T2J, [TB], and [29J. 
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The variation operators were introduced in ergodic theory f|19|) in order to measure the speed 
of convergence. Suppose that {T t }t>o is an uniparametric system of linear operators bounded 
in L*>(R"), for some 1 < p < oo, such that lim t ^ + T t f exists in LP (R n ). 

If p > 2, the variation operator V p {T t ) is given by 

00 i/p 
V p (T t )(f)(x) = sup (J2\T tj m-T tj+1 f(x)\p) f G L p (R n ). 

Here the supremum is taken over all the real decreasing sequences {ijjjgN that converge to zero. 
By E p we denote the space that includes all the functions w : (0, oo) — > R, such that 

00 i/p 
\\w\\ Ep = sup ( VHij) - w(t J+1 )\ p ) < oo. 

|| • is a seminorm on E p . It can be written 

V p (T t )(f) = \\T t f\\ Ep . 

Variation operators for Co-semigroups of operators and singular integrals have been analyzed 
on L p -spaces by Campbell et al. ([BJ, [7] and [H]). More recently, in [5] and [TS] the authors have 
studied variation operators on L p -spaces for semigroups and Riesz transforms in the Ornstein- 
Uhlenbeck and Hermite settings. 

As it was mentioned, for every 1 < p < oo, the semigroup {W^}t>o is Co in L P (R"), that is, 
for every / € L p (R n ), Wf(f) /, as t ->■ 0+, in L' p (W l ). The LP-boundedness properties of 
the oscillation and variation operators for {Wf^}t>o are established in the following. 

Theorem 1.1. Let p > 2 . Then, the variation operator V P (W^) is bounded from L p (W l ) into 
itself, for every 1 < p < oo, and from L 1 (W n ) into i 1 '°°(R rl ). 

Note that, since {W^}t>o is not Markovian, none part of Theorem ll.il can be deduced from 
[2171 Theorem 3.3]. 

According to standard ideas, Shen in |23 actually defined (although he did not write it in 
this way), for every £ = 1, • • • , n, the £-th Riesz transform in the Jzf-context by 

(3) Rf(f)(x)= lim f Rf(x,y)f(y)dy, a.e. x G R™, 

e^ 0+ J\x-y\>e 

provided that / G L p (R n ) and either 

(i) 1 < p < oo and V G S„; or 

(ii) 1 < p < po, i = i - i and V G S g , n/2 < q < n. 
Here, for every x, y G R", x ^ y, 

Rf{x,y) = -±- [ (-ir)- l / 2 ^-T{x,y,r)dr. 
2vr J R dx£ 

In the sequel we complete Shen's result proving that actually the limit in ([3]) exists and the 
Riesz transform R~ = (R±,--- ,R^) can be represented by ((TJ) on C^°(R"), the space of 
C°°-functions in R™ that have compact support. 

Proposition 1.1. Let i = !,■■■ ,n. Suppose that one of the following two conditions holds: 

(i) f G L p (W l ), 1 < p < oo, and V G B n ; 

(ii) f G L p (R n ), l<p< Po , where j- = l - ±, and V E B q , n/2 < q < n. 
Then, there exists the following limit 

lim / Rf(x,y)f(y)dy, a.e.xeR n . 

<^ 0+ J\x-y\>e 

Moreover, if f G C^°(R n ), J:? -1 / 2 /, as defined in admits partial derivative with respect to 
Xi almost everywhere in R™ and 

(4) JL^i/2 /(x) = lim /" flf^j,)/^, s.e.^r. 
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For every e > 0, the e-truncation Rf ,e of Rf is defined as usual by 

Rf - / Rf(x, y)f(y)dy, i = l,---,n. 

J \x — y\>£ 

The behavior on LP spaces of the variation operators associated with the family of truncations 
{R]^' £ } E> o, I = 1, • • • ,n, is contained in the following result. 

Theorem 1.2. Let 1= ,n. Assume that p > 2 and that V € B q , with q > n/2, and 

1 < p < po, where = ( i — j^j . Then, the variation operator V p {Rf' e ) is bounded from 

LP(R n ) into itself. Moreover, V p {Llf t£ ) is bounded from L 1 (R n ) into L 1,0O (R"). 

By BMO(W l ) we denote the usual John-Nirenberg space. A locally integrable function b on 
R" is in BMO{WL n ) if and only if there exists C > such that 



1 

W\ 



\b{x) - b B \dx < C, 



for every ball B in R™. Here 6 B = ^ f B 6(1) ete, where B is a ball in R". For / G BMO(M") 
we define 



\BMO( 



B -D Jb 



where the supremum is taken over all the balls B in R n . 
For every V G B n /2, we consider the function 7 defined by 



7(2:) = sup (r > : — j / U(y)dy < l}, • 

L r JB(x,r) ' 



Under our assumptions it is not hard to see that < 7(2;) < 00, for all x G R™. This function 7 
was introduced in [22] when the potential V satisfies that 



maxV{x) < C±- f V(y)dy, 
xeB \B\ J B 



for every ball B in R n , to study the Neumann problem for the operator Jzf in the region above 
a Lipschitz graph. The main properties of 7 were showed in |23l Section 1] (see also [22]). Here, 
the function 7 plays a crucial role. 

In [3] the space BMOe(~f), 9 > 0, was defined as follows. Let > 0. A locally integrable 
function b in R™ is in BMOg^-y) provided that 



1 



\b(y) ~ b B(x . r) \dy < C(l + -7^y) 8 , 



\B{x,r)\ J B[x r) ' ' V 7 (x), 

for all x G R™ and r > 0. We denote for b G BMOg(j) 

\\b\\ B MOeh)= SU P rn/ 1 m / 1%) -&B( :c ,r-)M2/(' 1 + -rT 

x£l", r>0 1^(2-1 r )l J B{x,r) V 7W 

Note that BMO(R n ) = BMO (j) C BMOe (7) C BMOg,^), when < < 0'. We set 
BALOoo^) — Ue>o BMOgi^y). As it is pointed out in [3], BMOoo(j) is in general larger than 
BMO(r). 

For & G BMOoo(j) and £ = 1, • • • , n, the commutator operator is defined by 

Cf<(/) = «*f (/) " #f (&/), / G Cf(R"). 

Note that 6/ G L 1 (R n ), for every / G C c °°(R n ) and 6 G BAf0 oo ( 7 ). 

In [3j Theorem 1] it was shown that, for every b G BMOoo^) and i = 1, • • ■ , n, the operator 

is bounded from L P (R") into itself, provided that 1 < p < po, where ^ = f f — an< ^ 

KeB„g>n/2, 

In the next result we obtain a pointwise representation of the commutator operator by a 
principal value integral. 
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Proposition 1.2. Let I = 1, • • • ,n. If b G BMO^ij), V G B q , with q > n/2, and f G L p (R n ), 
where 1 < p < pq and ^ = — . then 

C^(f)(x) = lim / (b(x) - b(y))Rf(x,y)f(y)dy, a.e. x G R n . 



'\x-y\>e 

For every b <= BMOoo(j), e > 0, and £ = !,■■■ , n, we define the e-truncation C^' e of C^ e by 



Cf/{f){x)= (b(x)-b(y))Rf(x,y)f(y)dy, xe 



M 

-y\>s 

The L p -boundedness properties of the variation operators associated with the family of trunca- 
tions {C^' e } e >o are contained in the following. 

Theorem 1.3. Let I — 1, • ■ ■ , n and b G BMOoo^). Assume that V € B q , with q > n/2, and 
1 < p < Pq, where i = — . Then, if p > 2 7 f/ie variation operator V P (C^' E ) is bounded 
from LP(R n ) into itself. 

In [23l p. 516] it was proved that if V is a nonnegative polynomial, then V G S 9 , for every 
1 < q < oo. Then, as special cases of our results appear the corresponding ones to the Hermite 
operator H = -A+ |x| 2 (0 and [TO]). 

This paper is organized as follows. In Section 2 we describe a general procedure that we 
shall use to prove our main results and we present the L p -properties of the variation operators 
associated with the classical (V = 0) heat semigroup {Wt}t>o, Riesz transforms Rg and their 
commutators Cf,,e, t = 1, • • • , n, that will be very useful to our purposes. The proof of Theorem 
II. H is carried out in Section 3. We present proofs of Proposition 11.11 and Theorem 1 1.2 1 in Section 
4. Finally, in Section 5 we give proofs for Proposition 11.21 and Theorem II .31 

Throughout this paper by c and C we will always denote positive constants that can change 
in each occurrence. If 1 < p < oo, by p' we represent the exponent conjugated of p, that is, 

1 p— 1 

2. Procedure and auxiliary results 

In order to establish boundedness properties for harmonic analysis operators (semigroup, 
maximal operators, Riesz transforms, Littlewood-Paley functions,....) in the Schrodinger setting 
it is usual to exploit that Jz? is actually a nice perturbation of the Laplacian operator —A. We 
now describe a general procedure to analyze harmonic operators associated with the Schrodinger 
operator. Suppose that T is a jSf -harmonic analysis operator and that & is the corresponding 
A-harmonic operator. According to the function 7 described above, we split R" x R™ in two 
parts as follows 

A = {(x,y)eR n xR n :\x-y\< 1 (x)}, 

and 

B = (M™ x R n ) \ A. 

The sets A y B are usually called local and global region associated with Jz? , respectively. The 
local part of the operator T is defined by 

T loc (/)(z) = T{fxB{ x , l{x ))){x), x G R n . 

In a similar way we consider the operator 

(x,i(x)))(x), x G R n . 

Then, we decompose the operator T through 

T = (Xioc — -^loc) + ^ioc + {T — Tioc). 

It is clear that (T — Ti oc )(/)(#) = T(/xR nB(x , 7(x)) )(x). Since the set {{x, y) : x G R", y G R"\ 
B(x, 7(2;))} is sufhciently far away from the diagonal (usual line of singularities) {(x,x) : x G R ra }, 
the operator T—T\ oc will be controlled by a positive and L p -bounded operator. We said that Jz? is 
actually a nice perturbation of the Laplacian operator — A. That niceness leads to the operators 
T and 3T to have the same singularity in the local region. Then, cancelation of singularities in 
T\ oc — ^\oc takes place and Ti oc — .3\ oc is controlled by a positive and L p -bounded operator for the 
given range of p. In this way L p -boundedness of T is reduced to the corresponding property for 
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the operator J5i oc . Finally, L p -boundedness properties of the operator 3[ oc rely on well known 
properties for the classical harmonic operator ST , 

This procedure has been used in [23] to establish L p -boundedness properties for Jzf-Riesz 
transform. 

We will employ this comparative method to describe the behavior in L p -spaces of the variation 
operators for the heat semigroup {Wj }t>o generated by —J?. Riesz transforms and commu- 
tators of Riesz transforms with the multiplication by BMOoq (7)-functions in the Schrodinger 
setting. Following this pattern we will need to know L p -boundedness properties of the varia- 
tion operators associated with the classical heat semigroup, Riesz transforms and commutators 
between Riesz transforms and multiplication by -BAjfO(R")-functions. 

In [5D1 Theorem 3.3] it was established that that if {T t } t> o is a symmetric diffusion semigroup 
(in the sense of [241 p. 65]) then the variation operator V p (T t ), with p > 2, is bounded from 
L p (M. n ) into itself for every 1 < p < oo. This result applies to the symmetric diffusion semigroup 
{W / t}t>o generated by the Euclidean Laplacian A. Recently, Crescimbeni, Marias, Menarguez, 
Torrea and Viviani ([H]), by using vector valued Calderon-Zygmund theory, have proved that 
the operators V p (Wt) map i 1 (R") into L 1 '°°(W l ), for each p > 2. These results are contained 
in the following. 

Theorem 2.1. f \20l Theorem 3.3] and Theorem 1.1]) Let p > 2. Then, the variation 
operator V p (Wt) is bounded from L P (R") into itself, for every 1 < p < oo, and from L 1 (R n ) into 

For every £ = 1, • • • , n, the £-th Riesz transform Re is defined by 

= mn 1^ j^^mdy, a.e. x £ R» 

for each / £ L P (R"), 1 < p < oo. For every e > and I — 1, ...,n, the e-truncation of Re is 
given by 

RKf)(x) = I | Xe ~!i e +1 f(y)dy, x€i". 

J\x-y\>e \ x U\ 

We denote the kernel function of Re by Re{z) = i z ?*+i , z — {z\, . . . , z n ) E R n \{0}. The variation 
operators for B%,£ = 1, . . . ,n, were investigated in [5] and [7] where the following results were 
proved. 

Theorem 2.2. (® Theorems 1.1 and 1.2] and [3 Corollary 1.4]/ Let I — 1, ••• ,n. Assume 
that p > 2. Then, the variation operator V p (i?f ) is bounded from i p (R") into itself, for every 
l<p<oo, and from L 1 (R n ) info L 1 '°°(R n ). 

Let us mention that by using transference methods Gillespie and Torrea ( |14l Theorem B]) 
have proved dimension free L P (R™, |x| Q (ia;) norm inequalities, for every 1 < p < oo and — 1 < 
a < p — 1, for variation operators of the Riesz transform Re, & = !,■■■ ,n. 

Next let b g BMO(R"). It is well known that, for every 1 = 1, n, the commutator operator 
Cb,e defined by 

C b 4f) = bRe(f)-Rt(bf), 
is bounded from L P (R") into itself, and for each / £ L p (R n ), 1 < p < oo, 

C bl f{x) = lim C e be {f)(x), a.e. x £ W\ 

where 

Cl,df)(x) = [ (b(x) - b(y))Re(x - y)f(y)dy,x£ R™, 

J\x—y\>s 

([HI Theorem I]). 

I/ p -boundedness properties for the variation operators associated with Cb.e, 1 = 1, - ■■ , n, are 
stated in the following. To our knowledge the result is new, so we provide a proof. 

Theorem 2.3. Let b £ BMO(R n ) and £ = 1,2, ...,n. Assume that p > 2. Then, the variation 
operator V P (C[ e ) is bounded from L p (R n ) into itself, for every l<p<oo. 
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Proof. Let 1 < p < oo and / £ L p (M. n ). Inspired in the ideas developed in P3] our goal is to 
estimate the sharp maximal function 

(V P (Cl e )(f))#(x) = sup 7-57— rr / \V P (Cl e )(f)(y) - c B(x>r) \dy, x £ K", 

r>0 \±S(X,r)\ J B (x,r) 

where, for every x £ K.™ and r > 0, c B ^ xr j is a constant that will be specified later. 

Let xo £ M. n and ro > and denote by B = £? (2:0,7*0). We decompose / = f\ + f%, where 
h = fX4B and f 2 = /X(4B)<=, and we write 

Ct A f = (b-b B )R!(f)-Rf((b-b B )f 1 )-Rf((b-b B )f 2 ) 
= Al(f)+AUf) + Al(f), £ >0. 

We have that 

/ TT^I/MI* - tf Jt^I/MI* 

J(4B)<= F — S/| fe=2 J2 fc r <|y-a;o|<2 fc + 1 r l x ~ 2/1 

^ 2 \J2*r a <\y-x Q \<2"^r F _ 2/1™ / fc ^« < I ^ ~ ^0 1 ^ 2 ^ + 1 ^« |X ~ ^" / 



fe=2 



fe=2 

Then, we deduce that 



(2 fe + 1 r )» 7|„_ IO |< 2 * + i ro ' Xy > V (2^o)™/p 

k 

(2 k r ) n/p 



l/ p (i?I)((6-6 B )/ 2 )(x) 

/ OO „ 

- y)(%) - b B )f(y)x(4 B y{y)dy 



sup J] 



£j+i<|a:-i/|<e 3 - 



V> /• Hy)-b B \\Hy)\ , u 
< sup 2^ 1 _ i» X{iBy{y)dy 

{ei}iGfi\0 ■ r .JEi + 1 <\x-y\<e i F V\ 



{£j}j£N\0 j—Q Js j + 1 <\x-y\<E j 

r \h 



- dy<Cr ^||6||bmo(r-)II/IIlp(R"), x £ B. 



We denote c B = -V p (Rf)((b - b B )f 2 )(x ). It is clear that c B = V p (A £ 3 )(f)(x ). 
We have 



1 



\B\ 



I + ^(/)0«0 + Al(f)(x)\\ Ep ~ \\Al(f)(x )\\E p \dx 



B 



\\A 3 (f)(x) - A 3 (f)(x )\\ E dx. 



1 

+ W\ 

We analyze each term. Firstly we obtain 
± JjAl(f)(x)\\ Ep dx = ^J B \b{x)-b B \V p {Rl){f){x)dx 



- {w\l B Hx) ~ hB][r ' dx ) / (]F\j B ( VpiR£e)if){x) y d ^ 1 

(6) < C||6|| B MO(R»)^r(^(JJS)(/))(z), Z£B 
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Here 1 < r < oo and is the r-maximal function defined by 



J? r (g)(x) = SUp I -pjj 

xeB \ \o 



for every measurable function g on R™. 

On the other hand, according to [7, Theorem A], we have that 

^ J B Ul(f)(x)\\ Bp d X < (±- J B \V p {Rf){{b-b B )h){x)fdx 



1/r 

\g{y)\ r dy\ , x G R", 



V/3 



< C 
: C 



1 
1 



4B 



4B 



< CHdllBMOCR")^^!/^)!"^ 



1 



\m\ sp dx 



4B 



1/(^/3) 



where 1 < s, ft < oo. Then, for every 1 < r < oo, we have 



(7) 



1 



i^r / \\AUf)(x)\\ Ep dx < C\\b\\ BMom ^ r (f)(z), z G B. 



In order to study ||A|(/)(x) — A§(/)(a;o)||,E p we use a procedure developed in [T3]. We have that 
(8) \\RU(b~b B )f 2 )(x)-Rf((b-b B )f 2 )(x )\\ Ep <H 1 (x)+H 2 (x), x G S, 

where, for every x £ B, 



H x {x) 



\x-y\>e 



(Re{x -y)- Rt(x - y))(6(y) - b B )f 2 (y)dy 



and 



(X{|x- a |>e}(y) - X{\x - y \>e}(y)) Rt(xo - 2/)(%) - b B )f 2 (y)dy 
By using Minkowski inequality and well known properties of the function R[ we get 
Hx{x) < J^\Ri(x-y)-R t (xo-y)\\b(y)-b B \\f(y)\ X (4By(y)dy 

' ^ X ^\b{y)-b B \\f{y)\dy 



(9) 



fc=2 i2 fc r <|a:o-a|<2 fc + 1 ro I^O - V 



< 



k=2 



2 k ( 2 fc ro )« J 2k+ 



\b(y)-b B \\f(y)\dy, x G B. 



To analyze H 2 we split the integral appearing in the norm in four terms as follows. Let 
{ejjjgN be a real decreasing sequence that converges to zero. We have 



(10) 



(y)\\R t (x - y)\\b(y) - b B \\f 2 (y)\dy 



< C 



+ 1 <\x-y\<Ej} 

(vh ^\Ky)-b B \\h(y)\dy 

+ 1 <\x-y\<€j} (Vh -\b(y)-b B \\f 2 (y)\dy 

JR" F0 — 2/1 

(Vh -\b(y)-b B \\f 2 (y)\dy 

jr" fo — y\ 

+ i<\x n -y\<€j} 

JE" Fo — i/| / 

= C(H{ x (x) + H J 22 (x) + H~i 3 (x) + H 3 2 4 (x)), x G B and j G N. 



8 J.J. BETANCOR, J.C. FARINA, E. HARBOURE, AND L. RODRlGUEZ-MESA 

We observe that ||a; — y\ > \xo — y\ > — y\, when y ^ 4B and x £ B. Moreover, if x e £>, 
then H 2m (x) = 0, for m = 1,3, when j e N and r > £j+i and H 2 m (x) = 0, when m = 2,4, 
j e N and r > £j. For every j G N, Holder inequality leads to 

H^X) < C Qf ^ X { e J + 1 <\ X -y\<e j} (y) lx ^ ylns (Wy) b * I \h (v) I )**/) 3 X & B, 

Hi 2 (x) < C ^ X{max{£ . +i 3 £ . }<k _j / | <£ . } ( 2/ )^-p(|6(j / ) - & B ||/2(y)|) s dy) vf, xe B, 

and 

H ZA X ) < c X{m«{ ej+1 ,^ j }<|xo-«i< e ^(y) |^j^p (l 6 (i/) ~ MIM*/)!) 8 ^ wf , X e B. 

Here we take 1 < s < p, and Vj = (sj + r ) n — e™, j e N. Note that < C(ma,x{r ,£j}) n ~ 1 r , 
j G N, for a certain C > that does not depend on j. 
We define the set srf = { j e N : r < Sj}. We have that 

<- ^''(/ E „x (tJ+ ,<,-»,< e ,,(»)®^P«*) 

for every x E B and j + 1 e In a similar way we can see that 

i/ s 



HU*) < CrJ" (£ X { , +1 <,,-,,<, } ( y )^^»^) ' , x £ B and j e 

43^)<^o /S ' (/ Rn X { «, +1 <|„-,|<e,}(y) ^^fff' VS ■ ^Band, + le< 
and 



Hence, we get by using Minkowski's inequality 



i/p 

IP 



(£Ki(z) + ^)i p ) <c £ i^>)i p + Ei^>) 

- C I 2^ ^y Rn X{e 3+1 <|x- y |<e,}(2/) \ x _ y \n+s-l d V ) T 



1/P 



k-z/l T 



(11) < C\Y-^—[ {\b{y)-b B \\f{y)\) s dy^-— 



l/a 

I , xeB. 



In a similar way we get 

i/p 



(12) < cly * . / (|b(y)-b B |l/fa)l) s ^ ., 1 ) , i6B. 
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By combining ©, ©, (fTT|). and dHJ) it follows that 
Utf(x)-Alf(x )\\ Ep = \\Rt((b-b B )f 2 )(x)-R e ((b-b B )f 2 )(x )\\ Ep 



^ c ET^rur/ k \Ky)-b B \\m\dv 

\k=l ^ 0) J \xa-y\<2 k r Q 

00 Q-fe(s-l) 



1/ S 



vfc=1 ( 2fcr o)™ J\x -y\<2 k r 

for x £ B. Then, Holder's inequality implies that 



(00 / \ 1 / r ' 

Ei T^yT / 16(2/)-^!^) 
fe=l °> J \xo-y\<2 k r 



(2 fc r )» 7| ao _„| <2 * 

v 1/tN 



l/f 



(2 fc r ) 



o-y|<2 fe i- 



/ °° h 

< C ^^||6||BMO(R")^r(/)W 



2 fc I 
\k=l 



2 fc(«-i) I ii 5 Hbmo(R")^(/)(z) 



v.fc=l 



(13) < q|6||BMO(R")(.^r(/)(2) + ^.(/X*)), X, Z £ B, 

where 1 < t, r < 00. 
From Cd it follows 



(14) j^JjAlf(x)-Alf(xo)\\E p dx<C\\b\\ BMO(Rn) ^ r (f)(z), zeB, 

where 1 < r < 00. 

By combining (O, ©, © and (jT5J) we conclude that 

(V P (Ct e )(f)f(x) < C\\b\\ BMO{Rn} (^ r (f)(x) + ^ r (V p (RI)(f))(x)), xeB, 

where 1 < r < p. 

Since is bounded from L p (W l ) into itself provided that 1 < r < p < 00, [7j Theorem A] 
and p2Sl Corollary 1, p. 154] allow us to conclude that V P (C% e ) is bounded from L p (K n ) into 
itself. □ 

In [28J Dachun Yang, Dongyong Yang and Yuan Zhou introduced localized Riesz transform 
associated with the classical Laplacian and Schrodinger operators. Here, we consider localized 
commutator operators with the classical Riesz transforms. 

Let b <E BMOgd), 9 > 0. We define, for every e > 0, the local truncation C^'] 00 / of 
/ € LP(R n ), 1< p < 00, by 

Clf C (f)(x) = / (Hx) ~ b(y))R e (x - y)f(y)dy, x G R n . 

J s<\x-y\<i{x) 

In order to define the local commutator C l b °^ on L p (M. n ), 1 < p < 00, we show the L p 

'*,lc 

b.t 



boundedness properties for the maximal operator C^'j 00 defined by 



Clf c {J){x) = sup \Ctf\f){x)\, x G R». 

e>0 
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Previously we state an auxiliary result that will be also useful in other sections of this pa- 
per. According to [111 Proposition 5] we choose a sequence {xk} k *^ 1 C W l , such that if 
Qk = B(xk)j(xk)), k G N, the following properties hold: 

(i) ur =1 Q fe = K"; 

(ii) For every m G N there exist C, /3 > such that, for every k G N, 

card {leN: 2 m Q t n 2 m Q k =/= 0} < C2 m/3 . 
The sequence {QaJ/cgn of balls will appear in different occasions throughout this paper. 
Lemma 2.1. Let b G BMOe(j), 9 > 0, and M > 0. We define the operator T^^m by 

T b , M (f)(x) = -i- / \b(x) - b(y)\f(y)dy, x G R n . 

Then, for every 1 < p < oo, T^jv/ is bounded from L p (R n ) into itself. Moreover, 

\\T b Mf)\\L>(R») < C(l + MA) n+e '\\b\\ BMOeij) \\f\\L^), /££"(»"), 
Here, A, C > and 9' > 9 do not depend on M . 
Proof. Let 1 < p < oo and / G L P (R") . We have that 

l/p 



|T 6l Af(/)||iP(R») < C (E / 



Since 7(3;) ~ 7(^fe), for every cc G Qfc, fc G N, by using Holder and Minkowski inequalities and 
[3J Proposition 3], it follows that, for certain A > and 9' > 9, 



\T b , M {f){x)\Pdx<C (-7-^ \b(x)-b(y)\\f(y)\dy) dx 

JQh y l\ x k) J\x k -y\<(l+UA)-y{x k ) 7 

- 1 Kr v \ \f(y)\ P dy( I \b{x)-b{y)fdy) 1 

k l\Xk) " J\ Xk -y\<( 1+M A)~f(x k ) K J\x k -y\<(l+MA)~/(x k ) 7 



CI -t-Ktz I \f(y)\ p dy( [ \b(x) - b(yW' dyY /P dx 

/|a: fc -j/|<(l+MA)7(an) V J \x k -y\<(l+MA)-y(x k ) 

^ c I I \f(v)\ p dy 

jQ k l( x k) np J\x k -y\<(l+MA)-y(x k ) 

x (( / \b(x) - b Q k \ p 'dyY /P + ( I \b(y)-b^fdyY /P )dx 



x k -y\<(l+MA)~f(x k ) ^ ' ^J\x k -y\<(l+MA)~f(x k ) 

f 

\x k -y\<(l+MAMx k ) 



x (|6(x) - b^f + ||6||^ MOe(7) (2 + MAy e ')((l + MA)^x k )) n ^ ' dx 
< Cf \f(y)\ p dy\\b\f BMOe{ ) (l+MA)^+ e '>, fc G N, 

J\x k -y\<(l+MAh(x k ) 

where Qk = B(x k , (1 + MA)j(x k )), k G N. 

Hence, by taking into account the properties of {QfcjfeeN, we get 



00 r ] 
\\T b Mf)hH*") < C(E/ \f(yWdy\\b\\% MOe{) (l + MA)^A 

v ,. ; J\xi,-v\<(l+MAWx k \ 7 



_ |/(..'/)l"</'/ 'C, „«,„,- ,0 " 

' fc=1 ^|!cn,-v|<(l+MA)7(a; fc ) 

< C(l + M^r+ e '||6|| fl MO e ( 7 )||/IUn^)' 



□ 



Our next step is to advance on the boundedness of the corresponding local operators. The 
case of heat semigroup and Riesz transforms are not very difficult and the will be done while 
proving Theorems 11.11 and 11.21 in Sections 3 and 4, respectively. As far the commutator, it 
involves an additional difficulty. According to our procedure we start with the commutator C b ,£ 
with b G BMOed) an d we reduce the problem to the local classical commutator but now b is 
not necessarily in BRIO in the classical sense. In the next lemma and proposition we show how 
to overcome this problem. 
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Lemma 2.2. Let 6 > and L > 0. There exists C > such that, for every k £E N and 
b G BMOg("f), we can find a function bk G BMO(R n ) for which bk = b on LQk = B(xk, L^/(xk)) 
and ||bfe||_BMO(K") < C\\b\\ BMOf) ^y 



Proof. Let fceN and b G BMOe^). We define = b\LQ k - Assume that z G R 71 and r > 
such that B(zo,ro) C It is clear that \z$ — Xk\ < Lj(xk)- Then, for a certain A > that 

does not depend on j(xk) < ^7(^0). 
We have that 



1 



\B(z ,r ) 



ro 



7(^o) 



l&O) -^0,^)1^ < H 6 l!sAfO e ( 7 )l 

'-B(z ,r ) 

< C\\b\\ 

BMO$ (7) i 

where C > depends on L and 6* but does not depend on k. Hence, b G BMO(LQk) and 

IHlBA/0(LQ fc ) < C||6||_BMO e ( 7 )- 

We define Wfc = exp(bk). It is well known that Wk G A2(LQk), where A^iLQk) denotes 
the Muckenhoupt class of weights. Moreover, the A2- characteristic [wk\A 2 (LQ k ) satisfies that 
[ w k\A 2 {LQ k ) < C\\b\\ BMO (LQ k )i where C > does not depend on k. According to [U Lemma 
1] (see also [T7]) there exists Wk € ^(R™) such that Wk = Wk in LQfe, and [wfc] a 2 (R' 1 ) — 
C-[ w k]A 2 (LQ k ), C > being independent of fc. Then, there exists bk G SMO(R n ) satisfying that 
Wk — exp(bk) and ||bfc||sMO(K™) < C[wk}A 2 (R n )i where C > does not depend on k. 

We conclude that bk = b on and ||bfc||.BMO(R' 1 ) — C|H|.BMO e (7)> f° r a certain C > 
independent of fc. □ 



Proposition 2.1. Lei 6 G BMOoo(j) and I — 1, • • • ,n. Then, the maximal operator C x 
bounded from L p (W l ) into itself, for every l<p<oo. 



b.f 



Proof. Assume that b G BMO e (j), with 9 > 0. Fix /c G N. According to [23 Lemma 1.4] 
7(2:) ~ "f{xk) 1 for every a; G Qfe. We choose L > independent of k such that, for any x G Qk, 
£?(x, 7(3;)) C Qk, where Qfc = B(xk, Lj(xk))- We can write 



(b(x)-b(y))R i (x-y)f(y)dy 



E<\x — y\<~f(x) 



< 



(15) 



(b(x)-b(y))R e (x-y)f(y)dy- 

e<\x — y\<~f(x) 

(b(x) - b{y))R t {x - y)f{y)dy 

y&Q k ,\x-y\>£ 

= Ji. k {x,e) + J 2 ,k{x,e), xeQk, e > 0. 



!/eQfc,|a;-J/l>e 



(b(x) - b(y))R e (x - y)f(y)dy 



Let us analyze Ji t k{x,e), for x £ Qk and £ > 0, i = 1,2. Observe that, since 7(2/) ~ 7(2;^), 
for every y G Qfc, we can find C, M > that do not depend on k G N such that 



Ji,k{x,e) < C 
- C 



\b(x)-b(y)\ 



fe \B(x, 7 (x)) 



f - y\ 



\m\dy 



\b(x)-b(y)\ 



\f(y)\xQ k (y)dy 



< 



c 



l{x) 



-y(x)/M<\x-y\<M~ ( (x) F — V\ 

\b(x) - b(y)\\f(y)\x® k {y)dy, x G Q k and e > 0. 



y—x\<M~f(x) 



From Lemma 12. II we deduce that, 



sup J ltk (x,e) 

e>0 



dx C 



T b ,M(fxq k ){x) 



dx 



(16) 



< C\\bf BMOeh) / \f(y)\*dy, k G N, 



with a constant independent of 

On the other hand, we have that, for x G Qk and e > 0, 



J2,k(x,e) = 



(b k {x) - b k {y))Ri{x - y)f(y)dy 



\x-y\>e 
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where bk = b\q k - According to Lemma [2.21 there exists a function bk £ BMO(W n ) such that 
b k = b, on Q k , and ||6fe||sAfO(R") < C||&IIbmo 9 (7)! wnere C > does not depend on k £ N. It 



follows that 



Hence, we get 



sup J 2 ,k{x,e) = C- 



E>0 



sxvpJ 2 ,k(x,e) 

e>0 



)(x), x £ Qk- 



dx < C 



C t e (fXQ k (x) 



dx 



< C\\b k f \f(y)\Pdy 

< C\\b\\l MOe(i) f \f(y)\ p dy, ken. 



(17) 



By combining (fT5)) . (fTrJ)) and (fT7|) and using the properties of the sequence {Qk}k£N we 
conclude, for every 1 < p < oo, 



nc*f c (/)iu P(R .) < (E / ic b *j oc (/)(*)Pz 

oo „ 

< cii&ii BM o S (7)(E / i/(^)r^ 



1/p 



< CII&IIsmo^^II/IU^r"), /ei p (K"). 



□ 



Suppose now that £ = 1,--- ,n, f £ C* c °°(R n ) and b £ EMO^). Then, bf £ L X (R"). 
Moreover, we can write, for e > small enough, 

C e b f c U){x) = Clz{f){x) - [ (b(x) - b(y))R e (x - y)f(y)dy, x £ R n . 

Hence, there exists the limit 

lim . Cff c (f){x), xeR n . 

e->0+ 

By using standard arguments, from Proposition 12.11 we deduce that, for every / <E L p (M. n ), 
1 < p < 00 , there exists the limit 

lim C e b \° c (f)(x), a.e. x £ R". 

e— >0+ ' 

We define, for every / £ L p (R n ), 1 < p < 00, 

C l b oc l {f){x) = lim ^f(/)(i), a.e. a; € R". 

The behavior in L P (R") of the variation operators for the family of truncations {C b 'l° c } e> o 
associated with the local commutator operator C^f are established in the following. 

Theorem 2.4. Let b £ BMOoo^) and t = 1, • • • , n. Assume that p > 2 . Then, the variation 
operator V p (C b 'l° c ) is bounded from L p (M. n ) into itself, for every 1 < p < 00. 

Proof. Suppose that / £ L P (R") with 1 < p < 00. Let k £ N. As in the proof of Proposition 
12.11 we define Qk = B(xk, L^(xk)), where L > is such that B(x,j(x)) C Qk, for every x £ Qk- 
Morever, L does not depend on k. 
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For every x € Qk , we can write 

p\ ) 



(b(x) - b{y))R t {x - y)f(y)dy 

-y\<ej;\x-y\<f(x) 



V P {Ctf c ){f){x) = sup (VI/ 

{ej}j eN 4-0 j—l J£j + i<\ x 
oo „ 

< sup ( 1 / (%) - &(i/))Jk(* - 



ef+i<|a;— K|<e^;|»-j/|<7(a!) 

(b(x) - b(y))Re(x - y)/(»)dy ' " 



+ SU P ( E I / W x ) - %))^ - ") 

°° f P 

< C( sup (V|/ (b(x)-b(y))R e (x-y)f(y)dy ) 

V {sj}j6t40 K j=1 1 Je j+ i<|x-y|<e 3 -;i/eQfe\B(x,7(x)) ' 

+ sup (E|/ (6(^)-%))^(^-y)/(y)xQ,(2/)rfy P ) 1/P ) 

( -p (E/ 



P\ VP 



<~( *"1> (> / 16(0;) - &( y )| T -J_-|/(y)|d 2/ 



sup 



{EjIjsN-J-O j=l " , £j + l<|a;-J/|<ei: 



P\ 1/P\ 



(^l7....^ l ^.J 6fc(g) " 6 * fa)) |«-yfi l / ^ (y H ) ) 



( / \b(x) - b{ y )\—^—\f{y)\dy + V p {C~ b e (f X ® k )(x)) , 

where b k € BMO(W l ) satisfying that bk = b, in Q k , and \\b k \\ BM o(R^) < C\\b\\ BMOe ( 7 ), being 
b e BMOgd). Here C > is independent on k (see Lemma T2.2p . Then, by using Lemma |2~T 
(as in the proof of Proposition I2.1[) and Theorem 12.31 we conclude that 

-f£,l0C 



where again C > does not depend on k. 

Hence, according to the properties of the sequence {Q k }keth we get 

\\V P (C £ b f c )(f)\\ LP{M , } < C\\b\\ BM o e[l) \\f\\ L ^y 
Thus the proof is finished. 

□ 



3. Variation operators associated with the heat semigroup {W^}t>o- 

In this section we present a proof of Theorem ll.il L p -boundedness properties of the variation 
operators can be showed in a similar way. 

As the general procedure suggests we consider the following local operators 

<c(/)W= / Wf(x,y)f(y)dy, lEl", 

J\x-y\<j(x) 

and 

W t ,ioc(/)(aO = f W t (x,y)f(y)dy, x € K n , 

J\x-y\<~f(x) 

where / £ V(R n ), 1 < p < oo. 
Observe that 

(18) V p (Wf)(J) < V p (W t % c - W Uoc )(f) + V p (W tAoc )(f) + V p (Wf - W t % c )(f). 
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Assume that {tj}jeN is a real decreasing sequence that converges to zero. We can write 

f oo ^ 
El^,loc(.f)(^)-^ tJ . + 1 , loc (/)( a :)|' , 



vJ=0 



< [T,\ w ^f)( x )-w t]+1 (f)^)\ 



E 



(W tj (x,y) -W tj+1 (x,y)) f(y)dy 



<V p (W t )(f)(x)+sup 

£>0 



W t (x,y)f(y)dy 



X — y\>£ 



x E R , 



where the space E p is defined in Section 1. 
Then, 



V p (W t , loc )(f)(x) < Vp(Wt)(f) + sup 

e>0 



\x-y\>e 



W t (x,y)f(y)dy 



x e 



We consider the operator defined by 



T ; L 2 (R n ) -> L 2 Ep (R n ) 

f — ► Tf(x)= I W t (x,y)f(y)dy. 



According to [23 Theorem 3.3] T is bounded from L 2 (R n ) into L 2 Ep (R n ). Moreover, T is a 
Calderon-Zygmund operator associated with the i? p -valued kernel 

K(x,y;t) = W t (x,y), x,y£R n , t > 0, 

that satisfies the following properties (see [3]): 



(1) \\K(x,y;-)\\ Ep < 



C 



(2) 



^K(x,y;.) 



\x-y 
d 



x,ye K", x ^ y, 



+ 



dy 



< 



C 



— -, x,y e R n , x ^ y. 

\x-y\ n+1 r 



Then, by proceeding as in the proof of |25l Proposition 2, p. 34 and Corollary 2, p. 36], we 
prove that the maximal operator T* defined by 



T*f{x) = sup 



£>0 



W t (x,y)f(y)dy 



x-y\>e 



is bounded from L p (R n ) into itself, for every 1 < p < oo, and from L 1 (R n ) into L 1 '°°(E n ). By 
combining this fact with |20[ Theorem 3.3] we conclude that the operator V p (Wt,\ oc ) is bounded 
from LP(R n ) into itself, for every 1 < p < oo, and from L 1 (R n ) into L 1 '°°(R n ). 
We consider now the variation operator defined by 



V p (Wf-W t % c )(f)(x)= sup . ^ 



\x-y\>-y(x) 



W t J f(x,y)-W t f(x,y))f(y)dy 
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Assume that {tj}j£N is a real decreasing sequence that converges to zero. We can write 



(19) (E 



\x-y\>-y(x) 



(W t f \x,y) -W t f +i (x,y)) f(y)dy 



<E/ \f(y)\ 

d 



] ^Wf{x,y) 



\f{y)\ 

x — y\>"f(x) JO 



dtdy 
dtdy, x £ 



According to [111 (2.7)], for every N 6 N there exist c, C > such that 



(20) 



t 



1 2 +1 \ i{x) 2 i{y) 2 

Estimation (l20ll allows us to obtain 



-N 



e * , x,y e R™, t > 0. 



(21) 



\x-y\>i(x) Jj(x) 



9 S 



dt 

< c 

< 



Wf(x,y) 



dt\f(y)\dy 



\x-y\>j(x) 



\f(y)\ 



j(x)'- 



f- 



4- \ —n—2 r 
t \ clx-yl* 



C 



\M\ 



l(x) n J\x-v\>i(*) Ji uf +1 C 1 + u ) n+2 



l{x) 2 
1 



dtdy 



- e •*? dudy 



< 



C 



< 



r j(x) n J \ x -y\>~f(x) 

C 



\M\ 



i 



i 



/ wy(x) 



2 \ f +1 



TO*'') J \x—y\~>^{x) 

c 



n+2 



dudy 



l/(y)l ( ^4 i 'hi 



X 



y\ 



\n E 



\M\ 



l( x ) n i2'= 7 (a : )<|x-s/|<2'=+i7(x) V \ x ~ V\ 



j(x) 



n+2 



dy 



< 



2»(2*7(a;))» 7,, 



-j,|<2 fc + 1 7(a;) 



|/(y)My < C^(f)(x), x € R". 



Here ^# = denotes the Hardy-Littlewood maximal function. 
Also we have that 



(22) 



|z-2/|>7(a0 •'O 



■y(x) 



Wf(x,y) 



dt\f(y)\dy 

■l(x) 



< C 



< C 



x — y\>-y{x) 



-\Hy)\dydt 



t L n t2 



1 - 1»— »t 
-e * 



< C sup — / ( 

t>o i 2 



-\f(y)\dy<C^(f)(x), xe 



From (H1J), ([IT]) and (J22J) we conclude that 

v p (wf - wf loc ) (f)(x) < a#(/)(x), x e 
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Hence, the operator V p (wf* — W^ a ^\ is bounded from L p (M. n ) into itself, for every 1 < p 
and from L 1 (R ra ) into L 1,00 (R n ). We now analyze the operator 



< oo, 



V P (Wf loc - W t , loc ) (f)(x) = sup [J2 



\x-y\<j(x) 



(w t f(x,y)-W tj (x,y) 

1 

(W t f +i (x,y) -W t]+1 (x,y))) f(y)dy 



x e 



Let us take a real decreasing sequence {tj}jepj that converges to zero. We have that 



(23) (E 



\x-y\<i(x) 



(W t f (x, y) - W tj (x, y) - (w t f +1 (x, y) - W tj+1 (x, y)) ) f{y)dy 



p\ p 



E 

VJ=0 



f(v) r ^(Wf(x,y)-W t (x,y))dtdy 

\x-y\<j(x) Jt j+1 01 



P\ p 



< E / 

j_ Q J\x-y\<j(x) J tj + i 



^(Wf(x,y)-W t (x, y )) 



dtdy 



\m\ 

\x-y\<7{x) JO 



(Wf(x,y)-W t (x,y)) 



\m\ 

\x-y\<~t(x) J i{x) 

= h(f)(x) + l 2 (f)(x), xe 



^(Wf(x,y)-W t (x,y)) 



dtdy 
dtdy 



Note firstly that, according to (|20p and the known estimates for ~KjWt, for certain C, c > 0, we 
get 



W)(x) < C 



\x-y\<-y(x) 



\M\ 



< c 



\m\ 



\x-y\<j(x) 



l(x)'- 



j — dtdy 



t~ 



dt , 
—dy 



(24) 



< 



C 



\M\dy < CJ({f){x), x g W 1 . 



7<»™ i|x-a|< 7 (x) 

On the other hand, the perturbation formula (5.25)]) leads to 



^(W t (x,y)-Wf{x,y)) 



V(z)Wi_{x,z)Wf(z,y)dz 

+ J t J R W t - s (x,z)V(z)-^Wf{z,y)dzds 
= Ki(x,y,t) + K 2 (x,y,t)+K 3 (x,y,t), x,y G M™ and * > 0. 
Hence h(f) = T^f) + T 2 (f) + T 3 {f), where, for m = 1,2,3, 



T m f{x) = 

J \'j 



l(x) 



\f(y)\ / \K m (x,y,t)\dtdy, x G 

x — y\<y(x) Jo 
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By [TO (2.2) and (2.8)], we obtain 

i-y(x) 2 i"y(x) 2 r 

/ \Ki(x,y,t)\dt < C / 
Jo Jo Jw 



* . 1 \*-y\ 2 1 l'~vl 2 , , 

Viz)— e 2* _ e 2* dzdi 

t2 t 2 

/• 7(;r)2 1 Ig-Vlj /" 1 k-£lf 



o 



i 2 7„ n i 2 

5 



< C / -u-re ~ dt, 



for a certain 5 > 0. Then, 



^-y|<7M 



\Ti(f)(x)\ < C I \f(y)\ ^ 7¥+T e ~ T ( 1777" ) dtd V 



^ i ( Vf A 

e 4t 



(25) < Csup4r / |/(2/)|e _l£ ^^ < CL#(/)(x), i e I". 



f 2 



Also, since | < i — s < t provided that < s < |, [TT1 (2.2) and (2.8)] imply that, for some 
0<c<i, 

n (x) 2 n (xf -i 



o Jo Jo 



1 -\*-*\ 2 1 



Im _l 



\K 2 (x,y,t)\dt < C / / V(z)- rirn- e ~ C ~^ — e ~dzdsdt 



(t — s) 2 +1 S 2 



/" 7(X) 1 /"2 /• | x _,|2 1 1^,2 

< (7 / ^t-t / / V r (z)e" c ^^— e'-^dzdsdt 

1 1 2+ 1 ./n L S 2 



ii 



< C / J / / e"2 » V(z) zw e~^~i~dzd8dt 



o 



< 2 + Vn Jw" S 2 



( r ' J 1 p * > «; a /" 1 . „ 

./n ./«« sf 



< C / 7¥TT / e^^" / —e~i L -^V{z)dzdsdt 



h( x ) 2 i 

< C I -*--e-i^- I - . -, dsdt 
o t~ +1 Jo livY 



C 

< 



^ 1 , ,2 

— j-e-w'*-"! dt, xjel", |x-y|< 7 (x). 



7(*) 5 Jo it+i-l 
We have taken into account that j(x) ~ 7(2/), provided that |a; — y| < 7 (x). Then, 

|T 2 /(x)| < — ^ / / 8 dtriy 

7W J\x-y\<~i{x) Jo t2+ 1 -2 

C fT^) 2 dt P 1 a ,2 



7(^) A Jo £ X "S V 

(26) < Csup-L / e~^' x_!/ ' 2 |/(y)|c?2/ < C^{f){x), x G R". 

*>o I 2 Jr™ 

By proceeding in a similar way and using [111 (2.7)]we see that 

(27) \T 3 f(x)\<C^(f)(x), iel». 
From ([23, (EHJ) and $27$, we get 

(28) /i(/)(a;)<C^(/)(x), z G R n . 
Inequalities and (|28p imply that 

Vp(W& c - Wi,ioc)(/)(a;) < C*^(/)(x), x G R». 

Hence, the operator V p {W^\ oc — Wt.i oc ) is bounded from L p (R n ) into itself, for every 1 < p < 00, 
and from L 1 (M") into L 1 '°°(M"). 

Finally, by (fTS)) we conclude that V P (W^) is a bounded operator from L p (R n ) into itself, for 
every 1< p < 00, and from L 1 (R n ) into i^°°(R n ). 
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4. Variation operators associated with Riesz transform R^ 

In this section we prove Proposition 11.11 and Theorem 1 1.2 1 As it was mentioned in Section 1, 
for every I = 1, ■ • • , n, the £-th Riesz transform associated with jSf is defined formally by 

(29) i?f = A^-i 

oxt 

Here Jz? - ^ denotes the negative square root of the operator _Sf given by 

-i p r+co 

&-*f(x) = -— / (-iT)-?T(x,y,T)dTf(y)dy, 
where T(x,y,T) represents the fundamental solution for the operator Jz? + it, with r£l (see 

E3§2]). 

We recall that, for every I = 1, • • • , n, the function R^(x, y) is defined by 

Rf(x,y) = —^ J (-iT)-^—T(x,y,T)dT, x,yeM. n , x^y. 

The following estimates for the kernels Rjf ', I = 1, • • • , n, were established in |23l Sections 5 
and 6] (see also [5J Lemma 1]) and will be very useful in the sequel. 

Lemma 4.1. Let I = 1, • • ■ , n and V € B q . 

(i) Assume that q > n. Then, for every k €E N there exists C > smc/i t/iat 

(30) \Rf{x,y)\ < C— 1 1 

(1 + |af — y|/7W) fe F - y\ n 

Moreover, we have 

\x - y\^ 2 ~ n /l 

x — y\ n V j(x) 

(ii) Suppose that n/2 < q < n. Then, for every k € N £/iere exists C > suc/i f/ia£ 



(31) | J Rf (a; ,y ) _ J R,( x _ y )|<C^-(^-^) 2W9 , < |z - y\ < j(x). 



- 1 1 



lRt " G {l + \x-y\h{y)Y\x-y\^ 

V(z 

\x—y\/i) 

Also, we have 



(32) x (\x ± V\ + I , , u,h^F^ dz 



1 



\Rf(x,y)-R £ (x-y)\ < C- 



(33) 



/ 1 /\x-y\\ 2 - n /i f Viz) ,\ „ 

1 r ( / ¥~ ) +/ ] K -^dz), G<\x-y\< 1 {x). 

\\x-y\ \ j{x) J JB(x,\x-v\/i)\z-v\ ' 



'B(x,\x-y\/i) 

Remark 4.1. Note that, according to |13j . if V G -B n , there exists e > swc/i i/iai V € B n+e . 
Then, the estimates in Lemma \4.1\ (i), can be applied to V € -B„ &j/ taking q = n + e, where 
e > is small enough and it depends on V . 

We consider, for every I = 1, • • • , n and e > 0, 

Rf^ £ (f)(x)= [ Rf(x,y)f(y)dy,xeM. n . 

J \x— y\>e 

According to Lemma \A. 11 it is not hard to see that, for every £ = 1, ■ ■ ■ ,n, e > 0, f E L p (M. n ), 
1 < p < oo, the integral defining i?^ ' £ (f)(x) is absolutely convergent for each x € 1™. 

Before proving Proposition 11.11 we establish the L p -boundedness properties of the maximal 
operator Rf '* defined by 

Rf>*(f) = sup\Rf> s (f)\. 

e>0 

Proposition 4.1. Let I — 1, • • • ,n and V G B q , q > n/2. Then, if 1 < p < po, where 
, Rf'* is bounded from L p (M. n ) into itself. Moreover, Rf * is bounded from 



J_ _ ( 1 _ l\ u^,* 
Po 1 q 



L 1 (M n ) into L 1 ' co {W l ). 
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Proof. It is enough to prove the result when n/2 < q < n. Indeed, according to [T3], if V G B n / 2 
then V G B e+n / 2 for some e > 0. Moreover, B r C B s , when r > s. We split the operator R-f'*, 
in the spirit of the general procedure described at the beginning of this section, as follows 

Rf'*(f)(x) < I \Rf(x,y)-Rz(x-y)\\f(y)\dy 



x-y\<i{x) 



|x-y|>7(x) e>0 



Rf (x,y)\\f(y)\dy + sup / R t {x ~ y) j \y)dy 



<\x-y\<~/(x) 



= T 1 (\f\)(x)+T2(\f\)(x)+T 3 (f)(x), ISM" 

It is clear that 

r 3 (f)(x) < sup / Re(x-y)f(y)dy 



£>0 



x—y\>e 



, X G 



Then, from well known results we infer that T3 is bounded from L r (W l ) into itself when 1 < r < 
00, and from L 1 (M") into L 1 '°°(R n ). 

For a certain M > 1, < < M, when \x — y\ < 7(2/). Moreover, if \x — y\ > 7(2:), 
1^ — y\ > l(y)/M. Indeed, it is sufficient to observe that 

{y £ R n : \x — y\ > 7(2:)} C {y G M" : |x - y| < j(y) and \x-y\> 7(2:)} 

U {y ER N : \x-y\> j(y) and \x - y\ > j(x)}. 

We denote by r* the adjoint operator of Tj, j = 1, 2. We have that 

\x-y\<y(x) 

< I \Rf{x,y)-R l {x-y)\g{x)dx, ytR n , 

J \x-y\<M~ ( (y) 

and 

ri(\9\)(v) = [ \Rf(x,y)\\g(x)\dx 

< [ \Rf(x,y)\\g(x)\dx, y G R". 

J\x-y\>j(y)/M 

According to |231 (5.9) and the proof of Lemma 5.8] and the arguments in the proof of [2"31 
Lemma 5.7] we obtain that t* , i = 1,2, are bounded from L r (R n ) into itself when p' < r < 00. 
Then, r^, i = 1,2, are bounded from L r (W" ) into itself when 1 < r < po. 

By combining the above properties we conclude that R t '* is a bounded operator from i p (M") 
into itself, provided that 1< p < p , and from L 1 (M") to L^°°(R n ). □ 



Proof of Proposition [TTTl By Proposition ^. 11 in order to show Proposition 1 1.1 1 it is sufficient 
to see 43} for every 4> G C C °°(R"). 

Suppose that <fi G C^°(R"). By To(a;, y, r) we denote the fundamental solution of the operator 

— A + it in R", with r G R. We are going to see that, for every I = 1, • • ■ , n, «5f ~ 2 — (— A)~ 2 
admits derivative with respect to cc^, for almost all R™, and that a.e. x G R n , 

— (jS?-fy(a:) - (-A)-fy(a;)) = -— / ^(y) / —(T(x,y,T)-T (x,y,T))(-ir)-idTdy. 
oxi \ / 2?r J Mn J_ 00 dxi 

To simplify the notation we consider I = 1. Also we assume that g > n/2 ( [1 3J ) . According to 
[231 Lemma 4.5], for every fc G N there exists Ck > such that 

(34) |r(*,y,r) -r (z,»,r)| < - - - j - _ — 
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provided that t £ M., x,y £ R n , \x — y\ < j(x). Moreover, by [531 Theorem 2.7], for every JieN 
there exists Ck > such that 

(35) \r(x,y,r)\< ^ V ± - T , x,y&R n , r e R, 



(i + M»k-y|) fc (i + ^) 



and 

(36) |r ( 3; ,i/ > r)|< * ' , z,yGR", r e R. 

(1 + |t| a |a: -{/])* 

We will use repeatedly without reference the following equality 

/^°° 1 1 Ck 
— i ; — dr = —r, cc,w e R™, cc ^ w and k > 1. 
-oo H* (l + \x-y\\r\i) k \x-y\' 

From ([33)1 and ([3B| we deduce that 

(37) / |0(y)| / |r(x, 2/ ,r)-ro(x, 2 /,r)||T|-5drdy 

JR n J -oo 

< C f , 1^1 2 r^r ^^rd, 

" 7 R „ |x-y|»- 2 | r |* (i + | x _ y || T |i)2 

<c f , ^ 

< C- r, X € K". 

Then, the function F = I£~^4> — (— A)~^(f> defines in R n a distribution Sf by 
(S F) i/>)= [ F{y)i;{ y )dy, ip € C£°(R n ). 
We have that, by writing x = (x2, • • • ,x n ) and considering 6 C£°(R n ), 

(38) (JL-S F ,il>) = - j F(x)^-i>(x)dx 

Iff /"+ 00 1 ^ 

= -FtI I </>(y) {Vix^^r) -T G {x : y,T))dTdy-—ip{x)dx 

= 7T / / 0(S/) / (-ir)~^ ( r (x,t/,r) -r (x,j/,r)) — ■4>(x)dx 1 dTdydx. 

27T 7r"-i ,/V ./-oo ./-co ozi 

We now apply partial integration in the following way. Since the integral is absolutely convergent 
(see (|37J)) it follows that 

/+oo ^ r+oo q 

{-it)~* / (r(x, y,r) - r (x,y, r)) - — ^(x)dx 1 drdydx 
-oo J — oo OX\ 

r r r+oo 

lim / / 0(y) / (-ir)-' 

e /•+oo x ^ 

(r(£, y, r) - r (ac, y, r)) - — t(j(x)dx 1 dTdydx 

yi+e ' uXx 

(39) = lim (- / / 0(y) f (-«-)-* 

£^0+ V ,/Rn-i Jr™ J-oo 

+ / )~ — (T(x,y,r) - T (x,y, t)) ^{x)dxidrdydx 

-oo Jyi+e ' ox l 

+ OC 



+ / / 4>(y) M T ) M (r(j/i - e,x,y,T) - r (j/i - £,x,y,T))ip(yi - e,x) 
-(r(j/i +s,x,y,r) - r (j/i +e,x,y, r))ip(yi + £,x)^jdTdydx^j. 
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We have that 
(40) 



+ 00 o 
-00 OX\ 



drdxdy < 00. 



Indeed, by [231 Theorem 2.7] (see also the proof of |23[ Lemma 5.7]), for every k £ N, there 
exists Ck > such that, for every x, y £ M. n and r € K, 
(41) 



a 

dx\ 



< C k - 



\x - y\ 



2-n 



V(z) 



( l + M i/ 2 | s _ 2/ | )fe (i + ^) W| 

Moreover, for every JigN, there exists Ck > such that 



-dz ■ 



(42) 



- — T (x,y,T) 



< C k - 



\x-y\ 



l-n 



■ {l + \ T \l/2\ X _ y \ )k 

By [231 p. 541], for every k £ N, there exists Ck > such that 

\x-y\ 2 ' n 



'-v\ \Z — X\ 



x,y£W l , t £ 



\x - y\ 



^ r(w) -^ r ° (w) 



(43) x ( 



V(z) 



-dz 



- Ck Xl + \ T \l/*\ X -y\)k 

1 f\x - y\\ 2 ~n/q 



\z — a; 



V- y\ V 7(2/) 



I* - 2/1 < 7(i0, T e k, 



where q > ra/2. 

Assume firstly that 1/ £ B n . Then V £ B q , for some q > n Q13J). According to [21 Lemma 
1], we deduce, from (|4"Tj) and (|4"3")l . that for every € N, there exists Ck > such that 



(44) 



d 



F{x,y,r) 



<C k - 



\x - y\ l 



(l + \r\^\x-y\) k (l + ^ 
and, for every r £ R and |x — y| < 7(2/), 

(45) r( W )-— r ( W ) <C fc - ' 7| 



x,y £ 



t£R, 



\x - y\\ 2 ~ n /'i 



(\x-y\\ 



(l + \r\^\x-y\)"\ 7(2/) 
According to |23l Lemma 1.4], 7 and I/7 are bounded on any compact subset of W 1 . Since 
cf> and if) have compact support, there exists A > such that \x — y\ < Aj(y), x £ supp?/> and 
y £ supp0. Then, by using ([4"2|l. f|44|l and ([45]) we get 



c 



C 



M*)\ / \Hv)\ 



-1/2 



d 
dx\ 



(r(x,y,r) - r (x,j/,T)) 



drdxdy 



supp ifr 



supp 



\x ~ 2/1 



3 — n — n/q 



1 



|r| 1 /2(i + | r |i/2| a; _ y |)2 
dydx < 00. 



drdydx 



1 .lac — 7/|™- 2 +«/9 

/ supp ip j supp (p \^ y\ 

We consider now ^ < q < n. We recall that the 1-th Euclidean fractional integral is bounded 



from L 9 (R n ) into L*>°(R n ), when JL = I - I ([25]). Since g > n/2 in order to establish flU) we 



only have to see that 



\<t>(y)\ 



\x-y\<j(y) 



\x - y\ 2 



| T |V2 ( l + | T |V2| X -y|)2 J lz _ xl<i ^A \z-x\ 



L 



V{z) 



—dzdrdydx < 00. 



To do this we can proceed as follows. There exists M > for which 



x-y\<i(y) 



\x - 2/1 



2-n 



V{z) 



< c 

< c 
c 



1 



supp t/j j supp 4) 1^ y I 

1 



-00 M^l + \ T \V*\x - y \f J {z _ x{< 1^mI \z - x\ 
_\V(z)\ 

<M 



■— --dzdrdydx 



supp (J) J supp ip 



supp (J) J supp ip 



1 

\x - y\P'o(n-\) 



dx 
dx 



z — x 
l/Po 

Wo 



—dzdydx 



l/PO 



\h(XB{v,M)V){x)\™dx) dy 
1/9 

\V(z)\"dz) 

B(0,M) 



\ 1/9 

\V(z)\ q dzj dy < 00, 
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because V G L? oc (R"), and (n - l)(p' - 1) < 1 when q > n/2. 
Hence, (j4"0)) holds and we can write 



lim 



d 



/ 4>{v) / (-* T ) *(/ +/ (r(x,y,r) -r (a;,y,T))-!/;(a;)da;idrdyct 



/■ r+oo a 

/ 0(2/)/ (~ ir )~^a — (T(x,y,r) -T (x,y,r))dTdydx. 

JR" J -00 CXi 

Our next task is to see that lim e ^ + 1(e) — 0, where 

1(e) = J J <t>(v) J (-iT)~?(p(yi-s,x,y,T)-r (yi-e,x,y,T))'ip(y 1 -e,x) 

- ( r (yi +£,x, y,r) - T (yi +e,x,y, r))ip(yi + s ,x)j drdydx , e > 0. 
We have that 

(r(yi - e,x,y,r) - r (yi - e,x,y,r))ip(yi -e,x)- (r(yi + e,z,y,r) - r (yx + e,x,y,T))ip(yi +e 

= ((T(yi ~ s,x,y,r) - T(y 1 +e,x,y,r)) - (T (yi - s,x,y,r) - T (yi + e,x,y,T))^i>(yi - e, 

+ (ip(yi -e,x)- ip(yi + e,x))(T(y 1 + e,x,y,r) - T (yi + e,x,y,r)) 
= Jt(^,y,e,r) + J 2 (x,y,E,r), leR" -1 , y G M™, e > 0, t£R. 

According to [23;, p. 535], if x G R™ _1 , y G R", < e < |x - y|/15 and r G R, 

(46) irftft - e> i, „, r) - rfa + e , x, y , T )\ < c^^L-^, 

and 

e 5 \x-y\ 2 -"- s 



(47) |ro(yi-e,S,y,r)-r (yi + £,S,y,r)| < C 

for a certain 5 > that depends on q. 

By using (155)) and ([55)) we can deduce that 



(l + |r|i/3|3f_yl) 



3 



r;->0+ 



x — y\ <r; J — 00 



lim / |^(y)| / / |r|- 1 / 2 |J m (5,y,£,r)|drdydx = 0, m = l,2, 



uniformly in e G (0, 1). 

Indeed, let e G (0, 1). According to ([5S"|) and (|5b]) . the mean value theorem leads to 

|J2(x,y, £ ,r)| <Ce \ -nvr and T e R ' 

(1 + \t\ 1 / 2 (e+ \x- yDY 



Then, we have 



|<z%)| /_ / \T\- l l*\J 2 {x,y,e,T)\dTdxdy 

<C/ |^)| / f |r|- 1 / 2 £ . 1 (£ +g~jr"- m3 dr^dy 

Jr- J\x-y\<r,J-oc [1 + fr] 1 / 2 (s + \x - y\)) 6 



<C [ \<Kv)\ [ eie+lx-yD^dxdy 

JM. n J \x— y\<r} 

<C f \</>(y)\ [ \x-y\ 2 ' n dxdy, V > 0, 

JR™ J|S-y|<7) 

where C > does not depend on e. Hence, 

lim f \<f>(y)\ [ [ \T\^ 2 \J 2 (x,y,e,T)\dTdydx = 0, 

»?^ 0+ JR" J\x-y\<n J-oo 

uniformly in e G (0, 1). 
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By using since suppc/) is compact, we get, for a certain a > 0, that if e G (0, 1) 
/ 1^)1 /_ _ / \r\- 1/2 \M^y>^r)\drdxdy 

JM- n J \ x — y\<f] J — oo 

<C I \4>{y)\l f H" 1 / 2 f m ' ^-(T(u ) x > y ) r)-r (u > x > y,r))du 

.Inn ■'ix-y\<ri J-oo .I,,,-* Ou \ 



~ ~ ' 'drdxdy 

yi—s 

' * ~ " ~~ 11 drdudxdy 



<C \m\l / / \r\~ 1/2 ^(r(u,x,y,T)-r (u,x, y> T)) 

Jl™ J\x-y\<ri Jyi-e J-oo ou v 7 

<C j\ct>{y)\ f_ _ ^ r |r|- 1 /2||-(r(u s 5, I ,,T)-ro(tt,S,y,r)) 



drdudxdy, rj > 



\x — y\<ri J — a J — oo 

It was showed in that, for every AT compact subset of K", we have that 



9 

/ \T\—'' 
K JK J-oo 

Then, it follows that 



|t| 1/2 -^(v(u,x,y,r) - F (u,x,y,rfj 



drdydx < oo. 



Hence, we conclude 



a />oo 



x—y\<rj J —a J —oo 



lim /j<My)l /_ ^ /" / ^ M- 1 / 3 1 |j (r(«, J,, r)-r («, 5, y,r)) 



drdudxdy = 0. 



lim/ |0(y)| / / |rr 1 / 2 |J 1 (x, 2 /,e,T)Mr^ = 0, 

»?^ 0+ JR" J\x-y\< n J -oo 

uniformly in £ G (0, 1). 

Therefore, in order to achieve our purpose it is sufficient to see that, for every r\ > 0, 

lim / / / |r|- 1 / 2 |J ro foi/,e,T)|dT(&di/ = 0, m= 1,2. 

e->0+ J H n J|5f_y|>,j J-oo 

Assume that 77 > 0. By (fir?)) and (jTf|) . we get, for certain A\,A 2 > 0, 



X-J/|>7) 



< Ce s II I 77 1 ',7 1 \ o drdxdy 

JB(0,Ai) Jr 1 <\x-y\<A 2 J-00 (1 + MV^a; - y\)* 

< Ce s [ / {x-y^-^dxdy, 0<s<r]/15. 

JB(0,Ai) J \<\x-y\<A 2 



\r\- 1 ' 2 \x-y\ 2 - n - s 



Hence 

lim I 

l\x-y\>T) 



Finally, in order to see that 



lim/ / |0(y)| / |rr 1 /2| Jl( ^ 2/j£jT) | dTcSd?/ = . 

-^ 0+ JR n J\x-v\>n J-oo 



lim / / \<j>(y)\ \r\- 1 / 2 \J 2 (x,y,e,r)\drdxdy = 0, 

-^ 0+ JK" J \x-y\>7) J-oo 



we use the mean value theorem, (|35j) and (j36j) . 
Thus we have proved that lim e _> + 1 (e) = 0. 
Hence, coming back to (f3T)l) we obtain 



r r p + oa p + oo q 

/ / <f>(v) / (-* T )~M (r(x,y,r) - r (a;, y,r)) - — ^p(x)dx 1 drdydx 

JR"- 1 JE" J-oo J-oo "^l 



»+oo Q 

<j>{y)ip{x) I (-ir)~^-—(T(x,y,r)-To(x,y,r)) drdydx, 

3 OTl 



-S F ,tpj = -— ip(x) <p{y) J (-ir)~^—(T(x,y,r) -T (x,y,r)) drdydx. 



and from (1381) it follows that 



(- 
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Therefore we have proved that the distributional derivative gf^-^F of Sp is 

d 1 f r+°° q 

-^— s f = -7T <l>(y) {-iT)~2-=—(r(x,y,T)-T (x,y,T))dTdy. 
dxi 2vr J Rn J_ 00 dxi 

Moreover, the above argument shows that the right hand side in the last equality defines a locally 
integrable function in M™. 

Now, by invoking now (2TJ §5, Theorem V, part (2)] we can conclude that Jz?~2(f>— (— A)~2 
admits classical derivative with respect to x\ for almost all x g R n , and 

f) / \ 1 f pi 

— (j?-i<t>(x) - (-A)-^(z)) = -7T / ttv) / (-ir)-i — (r(x,y,T)-T (x,y,T))drdy, 
ox\ V / 2?r J Rn J_ 00 dxi 

a.e. x G W 1 . Moreover, the last integral is absolutely convergent. Then, 



J?-2<t>(x) - (-A)-^(a;)) =-— Km / </>(y) / (-«-)-* — (T(x,i/,T)-r (x,y,T))dTdy 

) 2tt e^0+ J lx _ vl>e J_ 0o dx x 



_d_ 

dXx \ ) 27T e^6+ J| a; _ y | >e ^ VJy 7_ 00 

a.e. x £ R", and we obtain that 

— &-%4>{x) = lim / <j>(y)Rf(x,y)dy, a.e. a; G R™, 

dsi ^ + J\x-y\>e 

since, as it is well known, 

— (-A)-»0(a;)= lim / 0(y) / (-ir)"* ^— T {x,y,T)dTdy, a.e.xGR n . 

OXi ^ + J\x-y\>e J-oo OX X 



□ 



We now prove L p -boundedness properties for the variation operators associated with the Riesz 
transforms R¥ . 



Proof of Theorem 11.21 As in the proof of Proposition 4.1 it is enough to assume n/2 < q < n. 
We consider the operators 



and 



3woc(/)0=) = P-V- / Rf(x,y)f(y)dy 



Ri,ioc(f)(x) = P.V. I R e (x - y)f(y)dy, 

\^-v\<f(x) 



where / e L p (R n ) for a suitable 1 < p < oo. 
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Suppose that {ffojjeN is a real decreasing sequence that converges to zero. Following the 
general procedure we may write 



^2\Rf^(f)(x)-Rf^ +1 (f)(x) 

vJ=0 



< 



E 

\J=0 



■ni + l<\x-y\<rij, \x-y\<j(x) 



(Rf(x,y)-R e (x-y))f(y)dy 



E 

K J=0 
' oo 

vJ=0 



Rf(x,y)f(y)dy 



r] j + 1 <\x-y\<ri j , \x-y\>j(x) 



r] j + 1 <\x-y\<rij, \x-y\<"/(x) 



E 



- y)f(y)dy 

Rf(x,y)-R i (x-y)\\f(y)\dy 
Rf(x,y)\f(y)\dy 



j=0 ,/ ')j + i<l ;r -yl<'J3. |a:-S/|>7(») 



Rt{x - y)f(y)dy 



< 



\x-y\<j(x) 



ri j + 1 <\x-y\<rij, \x-y\<i(x) 

Rf(x,y)-R e (x-y)\\f(y)\dy 



Rf(x,y)\\f(y)\dy 



sup 



\x-y\>y(x) 
1 

p\ p 



Re(x - y)f(y)dy 



t j + 1 <\x-y\<tj 



Hence, we get 



v p (Rfnum < 



><■•■". "./"■-< / \Rf (x,y) - Ri(x-y)\ \f(y)\dy 

J \x-y\<~/(x) 

+ / \Rf(x,y)\\f(y)\dy + V p (Rl)(f)(x) 

J \x — y\ >j(x) 

(48) = n(\f\)(x)+T 2 (\f\)(x) + V p (Rl)(f)(x), xel". 

Note that the operators t\ and t 2 are the same ones that appeared in the proof of Proposition 
4.1. Then, as it was proved there, t\ and t 2 are bounded from L r (M. n ) into itself provided that 
1 < r < p . 

By (|48D and [7, Theorem A and Corollary 1.4] we conclude the desired L p -boundedness 
properties for V p (R e ' e ). 

□ 

5. Variation operators associated with commutators C^f 

Proposition 11.21 and Theorem 11.31 are proved in this section. Assume that b e BMOg (7) , for 
some 6 > 0. Let us remind that, for every i — 1, • • • , n, the commutator operator C^ e for the 
Riesz transform Rf is given by 

Cftf = bRff - Rf(bf), f e C?(R n ). 

Some L p -boundedness results for these operators were established in [3] Theorem 1]. 
From Proposition 1 1 . II we deduce that, for every / <E C£°(R n ), 



C&{f){x) = lim 



(b(x)-b(y))Rf(x,y)f(y)dy, xG 



X — y\>€ 



2<i 
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In Proposition ll.21 that is proved in the following, we extend this property for every / G L p (R n ), 
1< v < Pa, where ± = U - l\ and V G B q , q > n/2. 



Proof of Proposition IT721 It is enough to prove that the maximal operator C b /* defined by 

(b(x)-b(y))Rf(x,y)f(y)dy 



Cg'*(/)(x)=sup 

e>0 



\x-y\>t 



x G 



is bounded from L P (R") into itself when V and p satisfy the conditions specified in this propo- 
sition. 

As in the proof of Theorem 11.21 it suffices to take care of the case n/2 < q < n. Suppose that 
/ G LP(R n ), where 1< p < p . 

Let us consider the local operators 



Cf/> loc (/)(z)=sup 



£>0 



(b(x)-b(y))Rf(x,y)f(y)dy 



e<\x—y\<-y(x) 



and 



C b'/ C (f)( x ) = SU P 

£>0 



(b(x) - b(y))R e (x - y)f(y)dy 



X G 



x G 



I e<\x — y\<j(x) 

With this notation we have that 

cf/{f){x) = cf/^{f){x) - c; ; f c (f)(x) + cf/{f){ x ) - cf/^u){x) + c; : l° c (f)( x ) 

< I \b(x)-b(y)\\Rf(x,y)-R e (x-y)\\f(y)\dy 
J\x-y\<j(x) 



(49) 



\b(x)-b(y)\\Rf(x,y)\\f(y)\dy + C* b ;l° c (f)(x) 

\x-y\>r/(x) 

= T 1 (\f\)^)+T2(\f\)(x) + C;j oc (f)(x), x G R™. 

7*,l0C 



According to Proposition 12 . II the operator C^ oc is bounded from L r (R n ) into itself, for every 
1 < r < oo. 

We now analyze the L p -boundedness properties for the operators T\ and Ti studying the 
behavior of their adjoints Tf* and T 2 * . 

The operator T-J* adjoint of T\ is defined by 

T*(g)(y) = f \b(y)-b(x)\\Rf(x,y)-R e (x-y)\g(x)dx. 

J\x-y\<y(x) 

According to (|33j) . since ^(x) ~ 7(2/) when \x — y\ < j(x) there exists A > for which 

1 /I I \ 2 — n/g 

I (\x-y\^ 



m{g){v)\ < c 



\x-y\<A 7 (y) \x~y\ n \ l{y) 

1 f Viz 



\x-y\<Aj(y) \x-y\ n 1 J B (x.,^) \ z ~ x \ 

(50) = C{T* tl {\g\){y)+T^{\g\){y)), y G M™. 

We have that 



7ZT^I&(y) ~ b{x)\\g{x)\dx 



TU\g\){y)<cY, 

where 5 = 2 - | > 0. 
Then, 



(2-^7(y))' 



2-3- 1 A 7 (y)<|a;-y|<2-3A7( ! /) 



(51) 



j=0 
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where, for every j £ N, 



?Y. i.; (.'/'!//>= rJi'L^. / /'(•' ) -M//)||//(.r)|</.r. // £ 

|a;-y|<2-JA7(y) 



(2-J 7 (j/))« 



To deal with these operators we consider the covering {Qk}keH as given in Section 2. We 
know that there exists C > such that j(y) < Cj(xk), for every y € 2Qfc. We choose the 
smaller L £ ff such that AC + 1 < 2 L . It is not hard to see that we can find M £ N such 
that, for every k,j G N, there exist iV} G N and x\ ^ i — l,...,Nj, such that, by denoting 
Q\ ■ = B(x l k j, 2~i"f{xk)) 1 i = 1, iVj, the following properties hold: 

(i) Q fc C jfj,QLj C 2Q fc ; 

(ii) card {!eN: 2 L Q 4 fcj fl 2 L Q l kj £ 0} < M, i = 1, ...,N r 

Clearly, we have that B(y, 2- j Aj(y)) C 2 L Q i kj = Q\ p when y € Q{ j: j, k € N and j = 
We can write, for every j £ N. 



j Rn \T* Xj (g)(y)fdy < cf^J ( (2 -j 7 (y))n / IsWII&W " &(l/)l<*^ 



^•/q* V (2 y|x- V |<2-M 7 (y) 
oo iVj 



A 2-j'«p' 



( 52 ) +EE (2 ^ 7(Xfc)) ^ 4 ^ 



Each summand is estimated separately. For the first one, since j(x\. j) ~ 7(x&), by [31 
Proposition 3], we have that 



1/p' 



<53) §(ss<^wXj 6fe) -^ i ''(/ c j 9( H * 

cx) I oo Nj 



j=0 \fc=0 i=l v ,( " 

r , , V /p ' 

x /_ l<?(z)l P dx(2^ 7 (^)) np /p 



oo / oo 



oo / oo „ \ 

<c\n BM0 8 (7) 

< C|| & llBMO e (7)llffllLp'(E")- 



1/p' 
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Also, by using again [3, Proposition 3], 

i/p' 

<54) § (5Ss=w4 \k m -*** m ') *. 



oo / oo Nj / \P'/P \ 1 " 

< cV2-' ! V V - . . NN , / |6(x)-6 0< rrfx ) / \g(x)fdx 

( oo N 3 \ W 

<^iibm 0() ( 7 )£ 2 ^ EE /~ iff^r'^ 

By combining (J3TJ), [[5"2]). (|55|) and (JSJ), we obtain 

(55) ll T *,i(l5'l)ILf'(E«) < c 'II 6 IIbmo () (7)II5|Ilp'(R")- 

On the other hand, we have 

m-m f v( z) dzdx 



\TU9){y)\ < E / / 



ra-1 



( 56 ) < c £ f,-J„ m -i / /... . j I ^T «falfc(y)-fc(«)llg(«)l«fa- 



Since = | — ^, by using [3J Lemma 1], we get 

Po \ Vpo 

II I' \ I - 1 

ll^l(X_B(y,2-3 + 1 A7(t;))l / ")||LP0 (R") 



B(j/,2-3+lA7(y)) 



i/'/ 



< C / |V(z)|*cte 

\J B{y,2- ] + 1 A 1 (y)) 



< C(2-^(y)) n ^- 1+1 /^ / 

ys(y,2-i+ 1 A7(»)) 

< C*(2- J 7(?;))"(- 1+1 /^2-^ 2 -"/^(2" 3 7(2/))"" 2 

< C 7 (y)- 2+n/9 , yeK". 

Then, Holder inequality implies that 

\ l/Po 

|2i. a (5)(»)l < cyi -- ;^ n _, I / (|&(y)-^)l|gW°^ 



c £ (2-i 7 (»))"- 1 (X 



w|<2-iA7(K) 
X I \h (XB(y,2-i + 1 Aj{y)) V) \\lpo (R«) 

1 ( r , \ 

^ (2 3 l{y)) n \J\ x -y\<2-iA 7 (y) J 

We can write, 

oo 

(57) \\Tl 2 (g) | \ LP , (VLn) < CJ2 \\Tt 2>j (g)\\ LP ' {Mn) , 

where, for every j £ N, 

ThAg){y) = J^'ZL^ ( \ (\b(x)-b(y)\\g(x)\r'odx) , y eW\ 



(2 3 l{y)) n 1 \i|x-j,|<2-3A7(3/) ' ' / 
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As before we have, for every j € N, 

\Tt 2 J.g)(y)\ p ' dy 

( oo n, jSp , / \P'/P' 

oo A 3 jV / v P'/P'o \ 

^ + EEfct«L [I wv)-hijm\y°*y) **], 



where 6 = 2 — n/q. Here Qk, k 6 N, and Q^-, and Qj. ■ fc, j € N, i = 1, ...,Nj, are the same 
balls that we considered above. 
Also, since p' > p' , we get 

( oo n 3 jSp , i y'/Po ^ ' 1 



j=0 \fe=0 i= 

l/p' 



x / | 9 ( : r)| p 'dar(2^7(x fe ))^ 



/at \ 1/p ' 

OO / CO \ 

BMO»(7) 

E 2-i MEE /~ i^r'H 

3=0 \k=0 i=l ®k,j J 



LP (R™)» 

and 

l/p' 



oo I oo Nj n-jSp' f ( r 



\P'/Po \ 

J *J 



< 



C E 2 J EE(2-3 7 ( a! ,))W?'+l)f'-n 
j=0 \fc=0 i=l v ' v ;; 

\ (p'-Po)/Pa \ ^ P 

. |&(aj)-6 Qi ^'/(p'-piJdxJ / | 5 (x)| p 'd2; 



< C , ||6|| B MO e (7) 



oo / oo Nj \ 

E 2 ~ J 'MEE A i^)r'H 



i/p' 



< C||6||BMO e (7)||fl , |lz,p'( R n). 

From fST]). ([55]). ([55]l and (BD]) we conclude that 

(61) H^aG/Jllip'oi-) < C||6||bmo <W IIsII^(r«), 5 e Z/(R"). 

By invoking (|50]). (|55| . and (JSTJ it follows that 

\\T*g\\ LP ' m < C||6||B M o.C 7 )llffll i -' ( R»), 9 e i p '(K"). 

Then, Ti is a bounded operator from L P (R") into itself. 
The operator T 2 * adjoint of T 2 is defined by 

T*(g)(y)= [ \b(x)-b(y)\\Rf(x,y)\g(x)dx, yeM 
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According to (f52")l . since for a certain A > 0, \x — y\ > A / y(y), when \x — y\ > j(x), we have that 
|r,i. 7 )(//)| C'„ | / 1 — ~jw ^— ^a|6(x)-6(y)|| 5 (x)|dx 



TO 

i |%)-&(y)||<?(*)| /• 



dzdx 



(62) = ^(T^dgD^+T^dgl)^)), yeM". 

Here a > will be sufficiently large and it will be fixed later. 

By choosing a > 9' + 1, where 9' is the one appearing in Lemma |2~T1 we can prove that 

\Ti A (\9\)(y)\ < CJ2 Hx)-b(y)\- (l + ^-^V \g( x )\da 

^ J2^A 1 (y)<\ X -y\<2^A 1 (y) \X ~ V\ n \ l{y) > 

oo - 

< CV — — T - ; — — — / \b(x) - b(y)\\g(x)\dx 

oo 1 

2m (e'+i+ n ) T 6,2">+ 1 a (\g\){y), V € K", 

m=0 

where the operators X^m are the ones introduced in Lemma 12. 11 
Then, by using Lemma 12. II we get 

II T 2*i(I3I)IIlp'(R") < c X] 2 m ( e '+ 1 +") H T ' b - 2 " 1+1 - 4 (l g l)l^ p '(«") 

m=0 

(63) < C||6||BMo e ( 7 )||/|| LP ' (K » 3 , /£V(I"). 

On the other hand, since 7(2/) ~ 7(2^)1 y & Qk and fc € N, we have, for a certain (3 > 0, 

\b(x)-b(y)\\g(x)\ 
~ Q JQ h W|x-j/|>/3 7 (x fc ) N-^l"" 1 



( 64 ) II^H^o.) ^ C £ / f / 

1 nJQl. \J\X 



Let fceN. ft follows that 



dx 



My) < CY [ \b(x)~b(y)\\g(x)\ 1 / V(z)dz 

00 / \ 1/Po 

s c g3^^(v w - wiwi)i H 

)Po \ !/Po 

where po is such that = | — ^, and for every j e N we consider = B(xk,c2-'j{xk)), where 

c > is independent of j, k € N and such that B(y, f32 j+2 ~f(x k )) C Qj, y £ Qk- 

Since the 1-th Euclidean fractional integral is bounded from L q (M. n ) into L Po (M. n ) we deduce 



J=0 
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Moreover, by using the doubling property of V it follows that, for some pL > 0, 

/_ V(z) q dz\ < C{2 J 1 {x k ))- n/q '2 Jti V{z)dz 
Q 1 * / JQk 

where in the last inequality we just use the definition of 7. 
Then, 

°° njip-a-n+l-n/q) / f \ 1/P '° 

Jk(y)<cJ2 7(a . fc) i + n/g' yJ~QKx)-Ky)\\9(x)\) p °dxj . 

Since p' > p' , calling v — p' (p' /p' )\ Holder inequality and Proposition 3] imply that, for 
some 9' > 9, 

°° 2 iCf-«-«+i-»/9) ( r \ " ( r , \ 1/p ' 

My) < 7{Xky+n/ , [J m-mr**) [jj^d X \ 



fj,— ex— nj 
7 (a; fc ) 1 +"/9' 



°° nj(fj,-a-n+l-n/q) 

* g E ^, M+n/ , \[IJK*) -w** 



i/p' 



< 7(x fc )" n/p '2^ ( "~ 2+Q! " Al+,l/p ' ) 
i=o 

x((j + l)2^'||6|| BMOe(7) + |%)-6 Q j) ^Jff(x)K^ , yeOfe. 

Then, by taking into account the properties of the sequence {Qk}ken and Minkowski inequal- 
ity, we can choose a large enough such that 

i/p' 



< C||6|| B MOe(7) 



fc=0 ""«* 

1/p' 



/ 00 / 00 / \ W\ p 

E E 2 ~ j(n ~ 2+ ^ +9 ' + ^ + 1) /_. i^)r'<H 

^fc=o \i=o / 
00 / 00 \ Vp' 

< c\\b\\ BMO0h) Y,2- 3 - J{n - 2+a -" +6 ' + ^u + i) E /-J^)K^ 

i=o \fc=o / 

< C||&l|BMO e (7)||9lLp'(Rn)- 

Thus, we prove that 

(65) \\Ti 2 (g)\\ LP > {Rn) <C\\g\\ LP , m , geLP'(R n ). 

By combining (p2")l , (JHSJ) and ([55)1 we obtain that 

m(9)\\ LP > (Kn) < C\\g\\ LP , iMn) , g G L*'(R n ). 

Hence, the operator T2 is bounded from L p (M n ) into itself. 

Finally, the L p -boundedness of T± and T2 allows us to conclude that the operator C b /* is 
bounded from L p (R n ) into itself. □ 

We now prove the L p -boundedness properties of the variation operators associated with 
{Cf e ' e } E> o that are established in Theorem ll.3l 
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Proof of Theorem 11.31 Assume that p > 2. We consider the operators 

{b{x)-b(y))Rf(x,y)f(y)dy, 



Cf/° c (f){x) = lim 



<\x-y\<~j{x) 



and 



C$(f)(x) = lim 



<\x— y\<~/(x) 



(b(x)-b(y))R i (x-y)f(y)dy, 



and we define the truncations C^ e ' £ ' loc (f) and C , ^'] oc (/), e > 0, in the usual way. 
If {ejljgN is a real decreasing sequence that converges to zero, we can write 



Ei c « (/)(*) -c£ ,e ' +1 (/)( 



vj'=0 



< 



E 



(6(i) - b(y))(Rf(x, y) - R e (x - j/))/(y)dy 



£ 3+ i<|x-i/|<e ; ,-,|x-j/|<7(x) 



VP 



E 

'oo 



< 



|a=-l/|<7(^) 



(b(x)-b(y))Rf(x,y)f(y)dy 

e j+ i<\x-y\<ej,\x-y\>-y(x) 

(b(x) ~ b(y))R e (x - y)f(y)dy 

e j + 1 <\x-y\<e j ,\x-y\<~f(x) 

\b(x) - b(y)\\Rf(x,y) - R e (x - y)\\f(y)\dy 



^-y|>7(a=) 



|6(x)-%)||i?f(x, 2/ )||/(y)|dy + y p (C & £ j oc )(/)(c C ) 



Hence, 



V^(Cf/)(/) < Ti(/) + T 2 (/) + V p (C^ oc )(f), 



where the operator T\ and Ti are the ones defined in the proof of Proposition 11.21 

According to the L p -boundedness properties of the operators T\ and T<i (see the proof of Propo- 
sition [O]) and Proposition 12.11 we conclude that the variation operator V p (C be ' £ ) is bounded 
from L p (R n ) into itself. 

□ 

Remark 5.1. In |23] (see also pQ and it is considered, for every I = 1, • • • ,n, the adjoint 
(Rjf)* of Rjf , when V € B q with ^ < q < n. By proceeding as in the previous results of this 
section we can prove the following properties. 

Assume that V £ B q , with ^ < q, £ = 1,2, ...,n, and pa < p < oo, where ^ = — ij . For 
every f 6 L p (R n ) there exists the limit 



lim 



Rf(y,x)f(y)dy, a.e. x € R", 



>\x-y\>s 

and defining the operator on L p (W l ) as 



*ff(x) = lim 



Rf(y,x)f(y)dy, a.e.x&R n , 



J \x— y\>e 

'j? is bounded from L p (BL n ) into itself. 

Moreover, if p > 2 the variation operator V p {&^) is bounded from L p (M. n ) into itself. 
Suppose that b € BMOg("f). For every f G L p (W l ), there exists the limit 



lim 



\x—y\>e 



(b(x) - b(y))Rf(y, x)f(y)dy, a.e. x € R n , 
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and the operator t?^} defined on L p (R n ) by 

*M (M*) = lim + / ( & W - b(y))Rf(y,x)f(y)dy, a.e. x G R n , 

e^0 + J\x-y\>e 
is bounded from L p (R n ) into itself. 

Moreover, if p > 2 f/ie variation operator V p ( c io b ^ e ) is bounded from L P (R") into itself. 

Remark 5.2. The fluctuations of a family {T t } t> o of operators when t — > + also can be 
analyzed by using oscillation operators (see, for instance, [5] and |19| ). If {ijjjeN is a real 
decreasing sequence that converges to zero, the oscillation operator 0(Tt; {tj}j^) is defined by 

^ 1/2 

0(T t ;{^ eN )(/)(x) = (V ™p \T £] f(x) -T E]+1 f{x)\A , / e L P (R"). 

L p -boundedness properties for the oscillation operators associated with the heat semigroup, Riesz 
transforms and commutators with the Riesz transforms in the Schrddinger setting can be estab- 
lished by using the procedures developed in this paper. 
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